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An equation has been obtained which allows the tmsteady temperature 
field inside multidimensional bodies to be calculated from known 
temperatures along the coordinate axes, in nonlinear heat-condition 
processes. 

I t  iS wel l  known that  in the m a j o r i t y  of p r a c t i c a l  
p r o b l e m s  ( e s p e c i a l l y  unde r  condi t ions  of i n t ense  h e a t -  
ing), the hea t  f lux at the s u r f a c e  of a b o @  is  a s s o c i a t e d  
with  the  s u r f a c e  t e m p e r a t u r e  by the nonI inea r  r e l a t i o n  

(grad 0)su~ f = f (0s~rf) ' (1) 

o r ,  u s ing  the f o r m  of bounda ry  condi t ions  of the t h i rd  
kind,  

(grad 0)~,~f= Bi (0~,~f) ( l - -  0~,~f). 

A t yp i ca l  e x a m p l e  of such h i g h - t e m p e r a t u r e  hea t ing  
i s  r a d i a t i v e  hea t  exchange  at  a s u r f a c e ,  when the bound-  
a r y  condi t ion  i s  g iven  bv the S t e f a n - B o l t z m a n n  law 

( g r a d  O)surf = Sk ( 1 - -  04surf). (2) 

The ana ly t i c a l  s tudy  of such p r o c e s s e s  p r e s e n t s  
g r e a t  m a t h e m a t i c a l  d i f f icu l ty ,  and t h e r e f o r e ,  n u m e r -  
i c a l  me thods  of so lu t ion  with  h i g h - s p e e d  c o m p u t e r s  
[1 -3 ]  a r e  used  in the m a j o r i t y  of c a s e s .  

I n t e r e s t i n g  a t t e m p t s  at t h e o r e t i c a l  i nves t i g a t i on  
of u n s t e a d y  hea t  conduct ion  with v a r i o u s  non l inea r  
b o u n d a r y  cond i t ions  have been  m a d e  by  Blot  [4], 
u s ing  the v a r i a t i o n a l  p r i n c i p l e .  Ca lcu l a t i on  of the 
t e m p e r a t u r e  f i e ld  with non l inea r  i n t e g r a l  equa t ions  
has  been  p e r f o r m e d  in [5, 6]. 

R e f e r e n c e  [7] d e s c r i b e s  a s i m p l e  and r e l i a b l e  
method  of comput ing  u n s t e a d y  hea t  conduct ion  with 
b o u n d a r y  condi t ions  of type 1. Us ing  th is  me thod  we 
have been  able  to e s t a b l i s h  the r e l a t i o n ,  i m p o r t a n t  
f o r  t e c h n i c a l  app l i c a t i ons ,  be tween  the t e m p e r a t u r e s  
i n s ide  m u l t i d i m e n s i o n a l  bod ies  and the t e m p e r a t u r e  
d i s t r i b u t i o n  a long the c o o r d i n a t e  axes ,  fo r  a number  
of s p e c i a l  c a s e s  of the func t iona l  dependence  (1). 

Le t  us  d e m o n s t r a t e  the d e r i v a t i o n  of the equat ion  
in an e x a m p l e  of hea t ing  of a t w o - d i m e n s i o n a l  body.  

F o l l o w i n g  the me thod  of [7], we can  w r i t e  the s y s -  
t e m  of d i f f e r e n t i a l  equa t ions  d e s c r i b i n g  the u n s t e a d y  
t e m p e r a t u r e  f i e ld  in the r e c t a n g u l a r  r e g i o n  2R x • 2Ry 
a s  

1 a0(x, g, z) _ v 2  0(x,g,~) ,  (3) 
a 0 r  

a o (G, y, "0 = K f  Io (G,  y, ~)1, (4) 
Ox 

a 0 (x, R~, ~) _ g f  [0 (x, Ru, x)l, (5) 
0g 

O0(O, g, ~) aO(x, O,'O - 0 ,  (6) 
Ox Og 

O(X, y ,  O) = 0 ini t  , ( 7 )  

which m a y  be t r a n s f o r m e d  by  m e a n s  of the funct ion 

0 

I S W ( x , g , ~ ) = e x p  - - p  f[O(x,g,.O[[, 
0 

w h e r e  p i s  a p a r a m e t e r ,  to the f o r m  

1 OW(x,y,~) =_V2W(x,y,~c)__tp(x,g,x), (9) 

(x, ~, ~) = p W  (x, g, z) x 

( ~ 1 7 6  " 1 o y  J a/(o) 1 
xk--ax/If(0)t 2 ' k r p + dO j '  

(io) 

a w ( G , f ,  ~) 

ax 
- pKW (R,, g, ~), 

OW (x, R~, "0 
Og 

- p K W  (x, R~, T), 

ON (0, g, t) _ aW (x, O, t) _ O, 
Ox 0 v 

0 surf 

IV (x, g, O) = exp - - p  -Wsu~f. 

0 

(11) 

02) 

(13) 

(14) 

H e r e  0 = T / T  m, w h e r e  T m is  the t e m p e r a t u r e  of the 
hea t ing  me d ium,  f (O) i s  a non l inea r  funct ion  of t e m -  
p e r a t u r e  0; K is  a cons tan t .  

The p u r p o s e  of th is  t r a n s f o r m a t i o n  is  to l i n e a r i z e  
bounda ry  condi t ions  (4)- (5)  and r e d u c e  t hem to the 
o r d i n a r y  l i n e a r  f o r m  of bounda ry  condi t ions  of the 
t h i r d  kind. Then the non l inea r  complex  in (10) in the 
t r a n s f o r m e d  h e a t - c o n d u c t i o n  equat ion (9) can be r e -  
duced  to the r e q u i r e d  m i n i m u m  by a p p r o p r i a t e  choice  
of the p a r a m e t e r  p. R e c o m m e n d a t i o n s  a r e  made  in 
[7] r e g a r d i n g  the choice  of p a r a m e t e r  p when the non-  
l i n e a r  bounda ry  condi t ion  (1) is  given in g e n e r a l  f o r m ;  
f o r  the p a r t i c u l a r  c a s e s  of r a d i a t i v e  hea t ing  (2), and 
a l so  fo r  r a d i a t i v e - c o n v e c t i v e  hea t ing ,  the d e t e r m i n a -  
t ion of p i s  given in [8, 9]. 

Now, u s ing  the so lu t ion  of p r o b l e m  (9)-.{14) fo r  
q0(x, y, "r) = 0 [10], and t r a n s f o r m a t i o n  (8), we f ind 
the t e m p e r a t u r e  f i e ld  0 = 0(x, y, T). 

In a c c o r d a n c e  with the we l l -known  p r o p e r t y  of the 
s t a n d a r d  f o r m  (11), the t e m p e r a t u r e  W(x ,  y, ~-) with 
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Fo 

0.10 
0.20 
0.30 
0.40 
0 5 0  
0,75 
1.00 
1.25 
1.50 
2.00 

Compar i son  of Values  of Re la t ive  T e m p e r a t u r e  at the C e n t e r  
of an In f in i t e  P r i s m ,  O b t a i n e d  by Various  Methods 

Data for computer calculat ion 

0 (0; 0; 708; Fo) 

0.5627 
0.6943 
0,7819 
0,8435 
0,8911 
0.9506 
0.9783 
0.9904 
0.9958 
0.9992 

0(0; 630; 0; Fo) 

0.4589 
0.6172 
0.7249 
0.8016 
0.8612 
0.9367 
0.9722 
0.9877 
0,9946 
0.9989 

0 (0.630; 
0.708; Fo) 

0.7108 
0.8284 
0.8831 
0.9172 
0.9408 
0.9741 
0,9886 
O.9950 
0.9978 
0,9996 

0 (0; 0; Fo) 

0,1767 
0,3320 
0.4982 
0,6315 
0,7317 
0.8801 
0,9471 
0.9766 
0.9897 
0,9980 

According 
to (18) 

0 (0; 0; Fo) 

0,2191 
0,3557 
0.5100 
0.6378 
0.7323 
0.8806 
0,9473 
0,9764 
0,9897 
0,9980 

Error 6, pei 

cen t  

24.00 
7.14 
2.37 
1.00 
0.08 
0,06 
0.02 
0.02 
0.00 
0.00 

q~(x, y,  ~-) = 0, in the regu lar  t e m p e r a t u r e  r e g i m e  s i t -  
uation,  can be e x p r e s s e d  in the f o r m  

W (x, y,  "~) = X (x) . Y (y) .  T ('Q. 

For  our c a s e  

x y 
W (x, V, T) --  const.cos ~x - ~ , '  cos ~tu ~-y  > 

Xexp [--(~txeK~+ 2--2 a ~ ]  

Then 

O(x,v,~) 

0 

Now, by giving cer ta in  f ixed va lues  to the e o o r d i -  
aates  x = x 0, and then y = Y0, we  obtain 

O(xo,y,'~) 

o (16) 
r (v) = x (Xo).T (~) ' 

O(x,yo,~) 

o (17) 
X (x) = - -  Y (Yo)" T (~) 

After  subst i tut ing X (x) and Y (y) into (15) we  obtain 
a genera l  re la t ionship  be tween  the r e l a t i v e  t e m p e r a -  
tures  ins ide  the body and the t e m p e r a t u r e  dis tr ibut ion 
along the coord inates  x0, Y0: 

O(x,y,'r 0(x,yo,~) 

t (0)  f(0) 
0(xo,9','O O(x,,yo,'O 

(18) 

The dependence  for  t h r e e - d i m e n s i o n a l  bodies  i s  
obtained analogously .  

For  the s p e c i a l  c a s e  of radiat ive  heating (boundary 
condit ion (2)), Eq. (18) takes  the f o r m  

Arth 0 (x, y, ~) + 0 (Xo, Yo, ~) + 
1 + 0 (x, y, ~) 0 (x o, Yo, ~) 

0 (x, y, ~) + 0 (Xo, go, z) 

= k r t h  0(Xo, y, T) + 0 (x, b,o, z) -~- 
1 + 0 (xo, V, *) 0 (x, go, *) 

+ arctg 0 (x o, Y, ~) 4- 0 (x, go, "~) (19) 
1-- 0 (Xo, y, x) 0 (x, Yo, "c) 

Our ca lcu la t ions  and ana lys i s  of other e x p e r i m e n t a l  
data conf i rm the theore t i ca l  re la t ionsh ips  (18) and (19). 

As  an e x a m p l e  we e x a m i n e  heating of a p r i s m -  
shaped b lock  of square  s ec t i on  2R x 2R, with init ial  
t e m p e r a t u r e  0init = 0 .15 .  The nonl inear boundary c o n -  
dit ion (1) i s  g iven  by the e x p r e s s i o n  

(grad 0)sur f = Bi o Bi (0surf) (1 - -  0suFf) = 

= 2( i  -t- 0-5 0surf)(1-- 0surf). 

The table c o m p a r e s  va lues  of re la t ive  t e m p e r a t u r e s  
at the cen ter  of an infinite p r i s m  0(0, 0, Fo) ,  as ob-  
tained on the "Mirisk-l" computer ,  to those  found on 
the b a s i s  of Eq. (18). The r e l a t i v e  coordinates  x0/R 
and Y0/R w e r e  0 . 6 3 0  arid 0 . 7 0 8 ,  r e s p e c t i v e l y .  

As  can be s e e n  f r o m  the table,  with i n c r e a s e  of Fo 
the centra l  point of the infinite p r i s m  gradual ly  r e a c h e s  
a regu lar  thermal  r e g i m e ,  and the t e m p e r a t u r e  v a r i a -  
t ion there  begins  to con form to Eq. (18). 

Equation (18) a l lows  us to r e c o n s t r u c t  the unsteady 
t e m p e r a t u r e  f ie ld  within m u l t i d i m e n s i o n a l  bodies  f r o m  
readings  of t h e r m o c o u p l e s  along the coordinate  axes .  
The or ig in  of coord inates  can be located  at any point 
ins ide  the body. 

It should be noted in part icu lar ,  that when us ing  
re la t ionsh ips  of the type (19), obtained f r o m  (18), 
there  i s  no need to know the phys i ca l  p a r a m e t e r s  of 
the mater ia l :  t h e r m a l  conduct iv i ty ,  dens i ty ,  s p e c i f i c  
heat ,  and surface  e m i s s i v i t y .  

Relat ion (18) i s  s t r i c t l y  val id  for  a regu lar  thermal  
r e g i m e ,  and can be used  in inves t iga t ions  of heat p r o -  
pagation p r o c e s s e s .  
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